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Abstract

An in-depth analysis has been carried out on the discretization of a Heat Exchanger, the

discretization of the governing equations, and the solution strategy for the resulting system of

equations. An iterative global method to perform the analysis of HE is proposed, called SEWTLE.

This method provides flexibility to any flow arrangement or geometry, consideration of multiple

streams, local evaluation of properties, friction factor and heat transfer coefficient and is

characterised by good accuracy, high robustness and fast computation time. In addition, three

different numerical schemes for the discretization of the fluid and wall conservation equations at

cell level have been studied and their advantages and disadvantages fully discussed.

Nomenclature

a thermal conductance (W/K)

A cross section area (m?)

Co specific heat (J/kg K)

Cr capacity ratio (-)

h heat transfer coefficient (W/m? K)
k conductivity (W/m K)

k; NTU; per length unit (m™)

m mass flow rate (kg/s)

NTU

Rw

Tw

Number of Heat Transfer Units (-)
perimeter (m)

heat flux (W/m?)

heat (W)

wall thermal resistance (m>K/W)
wall thickness (m)

temperature (K)

wall temperature (K)



U overall heat transfer coefficient Subscripts

(W/m2 K) E,W,N,S east, west, north, south

X,y spatial co-ordinates (m) i fluid cell index
i, in inlet

Greek symbols
it iteration number it

Xi NTU; per length unit (m™)
J wall cell index

ox, oy distance between grid points (m) _ _
k neighbour cell index

A increment :
n; number of wall cells surrounding

nr surface total efficiency fluid cell

(7] non dimensional temperature o, out outlet

_ I T, ref reference
Tin _]vm/

w wall

O operator

1,2 top and bottom fluid cells

1 Governing Equations

There is much literature concerning calculation methods for Heat Exchangers (HE). Most
belong to what we could call classical analysis and design global methods, i.e. the Logarithmic

Mean Temperature Difference (LMTD) method, the Effectiveness-Number of Transfer Units (&-

NTU) method, and so on. They are very well established and cover all types of HE, including
multipass HE. However, in general, these methods are based on some simplification hypothesis
and conditions: basically, steady flow, single phase flows, constant properties and heat transfer
throughout the HE, negligible longitudinal wall heat conduction, uniform distribution of the flows,
and so on. These methods have traditionally been the basis for the rating and design of HE, and
provide, in general, good results. However, for more complex cases, for instance HE with two-
phase flow processes, air dehumidification or variable fluid properties, these methods are not

accurate enough. Additionally, nowadays, the requirement for optimisation of the designs is a



general demand, and this optimisation requires, on the one hand, a more accurate calculation, and
on the other hand, more information about the evolution of the fluids inside the HE.

Of course, consideration of the above-mentioned phenomena in the HE calculation requires a
division of the HE into cells, and the use of a numerical scheme to discretize the equations, and
then, the solution of the resulting system of equations (linear or non linear). There is also
extensive literature concerning the solution to the above-mentioned problems by discretization
techniques. However, most of these techniques, although probably general in nature, have been
targeted as the solution to the global analysis of HE including only a single particular effect, for
instance, the consideration of the longitudinal heat conduction ([1], [2]) or the non-uniformity of the
inlet fluid flow ([3], [4]), and only a few studies have been devoted to discussing and developing a
general numerical formulation (for instance [5]).

When reviewing the local form of discretized equations, one concludes that most of the forms
are similar. But upon a deeper analysis, it is shown that they are not the same, and that large
differences could appear in their practical use. The two main streams found in the numerical
solution of Engineering problems, i.e. Finite Volumes and Finite Elements can also be found in this
field; see for instance [6] and [7].

The aim of this paper is to identify and discuss possible elementary discretizations leading to
different numerical features, provided that they are as general as possible, in terms of multistream
consideration, future extension to two phase flow, air dehumidification, unsteady flow, and so on.
This study is limited to finite volume discretizations; a comparison with possible finite element

formulations is left for a future work.

2 Governing Equations

As explained above, the present study is devoted to the calculation of HE of any flow
arrangement and geometry, steady conditions, single-phase flows, and longitudinal conduction
along the wall. Also, the possibility that a fluid stream can be surrounded by n separating walls has

been considered in order to deal with HE with multiple streams (greater than 2). Figure 1 shows



the described general situation. Given the assumptions above, the governing equations for both

fluids and walls are

m,c, dT, = ZqﬂP dx, (1)
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where any piece of wall j (wall cell j) separates two fluid cells i=1,2; and any piece of fluid (fluid
cell) iis in contact with n; wall cells j=1,n;; gj is the heat flux transferred from the wall cell j to the
fluid cell j; dx; is the spatial differential in the forward direction of the j fluid in the /7 fluid cell; A; is
the projected area (on the wall plane) of the wall cell j in contact with the J fluid cell; P; is the
perimeter of the wall cell j wetted by fluid /, ‘corresponding to the projected area’, in the j direction;

A7 and nr; are the total heat transfer area from the wall cell j to fluid / and its corresponding

efficiency; t; and k; are the thickness of the j wall cell and its thermal conductivity (these variables
could be defined with different values for both x and y directions, so that the actual thermal
conductance of the wall ensemble (plate and fins) can be properly represented in both directions);
and Rwj; is the thermal resistance of half thickness of the wall for the heat transferred to fluid i. The
other variables are defined in the section on Nomenclature.

In addition to (1) to (4), one could write the momentum conservation equation, which, together

with the mass conservation equation, provides the system of equations to calculate the evolution



of pressure and velocity. For steady and single-phase flows, mass flow rate is constant, and the
energy equation is not coupled with the other equations and can be solved independently. First,
the energy equation is solved and temperature is obtained. Then, the evolution of velocity and
pressure is calculated. The present paper deals with the integration of the described system of
equations for the temperature. However, the possibility of using the same discretization for more
complex situations has always been considered. The extension of the scheme presented in this

paper to evaporation, condensation, and air dehumidification can be found in [8] and [9].

3 Boundary Conditions

Boundary conditions (BC) for this problem are imposed at the inlet face of the streams, in which
the fluid temperature and velocity distributions are known. Also, if the heat transferred to the
surroundings from the wall edges can be considered negligible, one must impose the condition
that the derivative of the wall temperature at the end sides of the HE, perpendicular to the edge, is
null. Therefore, a Dirichlet type condition is imposed to the inlet fluid temperatures, and a
Neumann type condition to the wall temperatures all around the exterior edge. Finally, the closing
walls at the end sides of the heat exchanger are normally well-insulated so that heat transferred to

the surroundings can be assumed negligible, and the wall assumed adiabatic.

4 Solution method

According to Smith [10], if a solution of the wall and fluid temperatures could be found for the
flow inlet faces, the chances of finding a solution to the complete problem would be improved, and
possibly an analytical solution could be obtained in some cases. He also suggests that a third
order ordinary differential equation for each fluid could be obtained for each inlet face if the wall
temperature at the origin were evaluated from knowledge of the local heat transfer coefficients,
and if no longitudinal conduction were considered. However, the resulting differential equations

turn out to be very ‘stiff’ and thus no effective solution is found.



Therefore, the solution must be found, in the general case, by a numerical procedure.
Additionally, if one intends to take into account the local variation of the properties and the heat
transfer coefficients, then the numerical way is definitively the only possibility to obtain a solution
for the problem.

As commented in the introduction, the two main current tendencies can be applied to
manipulate and discretize the equation: the Finite Element Method (FEM) and the Finite Volume
Method (FVM). This paper deals with the application of the latter technique to the solution of the
problem. A comparison with FEM is left for future work, although, a priori, it is the authors’ opinion
that the FVM is the best method for the problem studied and for more complex cases.

Concerning the type of mathematical problem which is to be solved, it consists of a combination
of a system of elliptic Partial Differential Equations (PDE) (4) for the wall temperatures, with the
particularity that they include a non linear source term (heat fluxes to the fluids), with Neumann
type BC, together with a system of Ordinary Differential Equations (ODE)(1) for the fluid
temperatures, with Dirichlet type BC. The resulting system of equations being coupled through the
main variables (temperatures), and, perhaps, including strong non linearities specially introduced
by the heat transfer coefficients (e.g. the sharp discontinuity of the heat transfer coefficient for an
air flow depending on the existence or non existence of dehumidification, a fact which is
dependent on the wall temperature for given air conditions).

Most of the solution methods employed are based on the elimination of the wall temperature
from the stated system of equations when longitudinal conduction is negligible and then, equation
(3) becomes a linear equation relating wall temperature with neighbour fluid temperatures.
However, in the general case at hand, in which the properties and the heat transfer coefficients
could be highly dependent on temperature and pressure, equation (3) is not linear at all, and the
elimination of the wall temperature is not possible. Therefore, in the following, the decision is made
to include the calculation of wall temperatures in the numerical procedure to be developed. This
has the additional advantage that, in this case, fluid temperatures are only coupled with the global
wall temperature field through equation (3), but not with the temperature of the other fluids, so that

the problem becomes, in general, one of finding the solution to the wall temperature field. Then,



the solution for the fluids can be found from the integration of equation (1). For this reason the
authors propose naming this system of equations ‘Wall Temperature Linked Equations

(WTLE)..

5 Cell discretization

For the purpose of numerical calculation, the heat exchanger must be discretized in cells, which
means that both fluid streams and separating walls must be discretized in a number of cells. The
only condition is that all the fluid flows, and the wall, must be covered without any overlapping. In
order to keep calculation time low, the assumption that fluid flow is one dimensional along a cell
will be adopted. Therefore, the discretization of the fluid field must be done in such a way that real
flow is approached as accurately as possible, as a series of one dimensional paths of 1D-cells.
Fortunately, this is quite true for a large number of HE. Fluid coming out from different fluid cells
can be adequately mixed at particular sections of the HE, if this is considered to happen in the real
HE. This consideration does not affect the basic procedure to be explained, so that, in the
following, when the fluid enters one of the 1D paths, it is considered to flow without any mixing with
the other paths.

No restriction on the cell size is necessary, given that any separating wall cell between two fluid
cells must be coincident with the shared side of the fluid cells.

Although the above stated conditions are not restrictive, in practice, the difficulties in arranging
the flows normally lead to, at the cell level, either cross flow or parallel flow (co-current or
countercurrent). This situation is represented in Figure 2. Parts a)' and b) show typical
arrangements with plane walls. Internal walls can be always considered as fins attached to the
separating walls. The possible situation depicted in Figure 2, parts c) and d) represent a parallel
flow arrangement but, in these cases, thermal exchange among three different fluids is
considered. Then, besides the main separating wall cells, additional wall cells must be considered

if conduction among the separating wall cells is considered as not negligible; these wall cells are

! Notice that in Fig. 2, part a), Ajz = Az = Ax1 Axz, P = Axz and P = Ax;.



square base prisms in c¢) and triangular base in d). The consideration of these prisms does not
introduce any special difficulty to the numerical method employed below for the wall temperature
calculation, so in the following, only situations a) and b) will be considered.

A first decision now must be made, i.e. how to define the control volumes for the fluids and for
the wall. As a general rule, differential equations, such as (1), in which the main term contains a
first order spatial derivative, require the use of the variable at the entrance and at the outlet of the
control volume. In this way, the first derivative can be efficiently approximated by the
corresponding first order finite difference expression linking the well-defined values of the variable
at both ends. The integration then of the temperature difference appearing in (3) allows for
speculation, as shown later.

On the other hand, Equation (4), governing the wall temperature field, includes second order
partial spatial derivatives, so its integration normally requires a centred control volume with a value
of temperature defined at its centre. In that way, the second order difference discretization can be
efficiently defined.

Several different options can now be adopted to fit both discretizations for fluids and wall, for
the involved elementary heat exchange cells. Figure 3 shows the two possible options for
countercurrent parallel flow. In a) the wall cell is coincident with the piece of wall shared between
two fluid cells, and therefore, wall temperature is defined at the centre of the wall cell and at the
middle of both fluid paths. In b) the wall cell is staggered in regard to the fluid cells so that wall
temperature is known at the same location as fluid temperatures.

On the other hand, Fig.4 shows several possible definitions for cross flow. Part a) shows again
the case in which the wall cell is coincident with the piece of wall shared between two fluid cells,
and therefore, wall temperature is defined at the centre of the wall cell and at the middle of both
fluid paths. Part b) shows a definition of staggered mesh in such a way that wall temperature is
known at the same location as fluid temperatures. However, then, wall cells present overlap, thus
making the integration of (4) difficult. Furthermore, in the absence of longitudinal conduction, it

becomes clear that an excessive de-coupling between directions x and y appears, which will



probably lead to great numerical difficulties in finding the solution. Finally, part c) shows a
staggered mesh, without overlapping.

It should be pointed out that this first step towards the discretization of the domain is essential
to the success of the numerical technique to be developed. The staggered arrangements, shown
in Fig. 3 part b) and Fig. 4 part b), present an important disadvantage in comparison with the
centred option, i.e. they do not easily satisfy the Neumann boundary condition posed at the edge
of the plates. In contrast, the centred option is perfectly suited for that task. Additionally, the
advantage presented by the coincidence of the wall and fluid temperatures at the same location is
lost in the case described in Fig. 4 part ¢) requiring interpolation between neighbouring nodes. On
the other hand, integration of (4) over the wall cell must be based on the fluid temperatures known
at the wall cell edges. But it is assumed that no mixing occurs inside the 1D flow cells. Therefore,
a consistent definition of the fluid over and under a wall cell is not trivial at all.

The staggered arrangements depicted in Fig. 3 part b), and Fig. 4 part ¢) are normally used for
FEM implementation, as for instance in [2] and [4], leading to good results. FEM can exploit the
advantages of the discussed arrangement while overcoming some of the mentioned difficulties.
However, the staggered arrangement clearly does not seem suitable for application of a FVM
formulation.

Alternatively, with the centred option, the integration of equation (1) for the fluids would mainly
involve the wall temperature at the centre of the wall cell. Some influence of the neighbour cells
could be considered depending on the final selected scheme but the main influence will be always
that of the central point. Moreover, the integration of (4) does not present any problem from the
point of view of the fluid temperatures since the fluid paths are consistently defined over the wall
cell. These features make the centred option much more adequate for the numerical solution of
the problem. Therefore, the centred wall cell, as depicted in Fig.3 part a) and Fig. 4 part a) will be

used in the following.



6 Numerical Scheme

Following the concept of Wall Temperature Linked Equations (WTLE) introduced earlier, the
decision is made to de-couple the calculation of the wall temperature field from that of the
temperature of the fluids.

The integration of equation (4) throughout the walls, by assuming that fluid temperatures are
known at the fluid nodes, is considered as one step of the numerical procedure. The discretization
of this equation does not offer any special difficulty, except for the estimation of the integral of the
heat transferred to both fluids in contact with the considered piece of wall (equation (3)). This
integration must be consistent with the integration of the coincident terms of the fluid energy
equation (1). The discretization of the Laplacian operator in equation (4) can be made by a
classical finite difference (finite volume) approach. For the case shown in Fig. 4 part a), the
discretization of the first term of equation (4) would lead to:

k o Ax Ay 2
a,Tw; = z a;Tw, = _IO MyU ;, (Tw=T,)dx _Io AxU ,,(Tw=T,)dy (5)

k=W ,E,N,S

with: a;V =

WA 5 kEAyﬁ’ a].":kNAxt., as:kSAxt,, a.:Za".
J J J J J
N s

&, T, Y »

Then, if the discretization of the integrals of the heat transferred to both fluids in contact with
the considered piece of wall (right-hand side of equation (5)) is based on a linear function relating
the values of the fluid and wall temperatures at the neighbouring points, equation (5) leads to a
linear equation for the wall temperature at every cell node, involving, the temperatures of the fluids
in contact with both cell surfaces.

On the other hand, equation (1) is a first order differential equation to be integrated along the
direction of the flow path. Consequently, it can be discretized in a number of different ways

depending on the approach adopted for the wall temperature distribution and the fluid temperature

% Notice that for this case, Aﬁ = AxAy, P, =Ny, P, = Ax, Rw,; = Rw; :W
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evolution, provided always that the evaluation of the integrals appearing at the right-hand side of
equation (1) are consistent with the coincident terms in (5).

A first classification could be based upon how many wall temperatures are taken into
consideration in the discretized equation, i.e. 1 wall temperature (value at the cell centre), or
several: central point and neighbours (3 points in parallel flow and 5 points in cross flow).

A similar comment can be made about the number of fluid temperatures involved in the
integration of equation (1). Equation (1), integrated along a fluid path, can be interpreted as an
initial value problem for a given inlet temperature and a given wall temperature distribution. Hence,
only temperatures upstream should be considered in the numerical scheme. Two main choices are
then possible: 1) the use of the temperature at the cell inlet as the inlet boundary, or, 2) the
extrapolation of upstream information, i.e. multipoint methods.

In the following, only the first choice will be analysed, given that the consideration of multiple
points would not influence the main conclusions drawn from the present study.

Three different schemes are to be presented and discussed. They are schematically described

in Figure 5.

* Constant Wall Temperature (CWT) will assume that along a fluid cell the wall
temperature can be considered as uniform and equal to the value at the central
point of the wall cell. This approach should be equivalent to supposing a stepwise

profile for the temperature at the heat exchanger walls.

* Linear Fluid Temperature Variation (LFTV) is based on temperature average and
the assumption that the fluid temperatures along the fluid paths have a piecewise

distribution (see Fig. 5 part b).

¢ High Order Differential Scheme (HOD) is based on the Runge Kutta method for
integration of ODE. This scheme has been included in the study to assess what
could be expected from a higher order spatial discretization and higher accuracy.
In the following sections, the development of the commented schemes is presented for the
general case of a fluid cell surrounded by n; separating walls. We include the expressions of the

outgoing temperature of the fluid (fluid cell) 7in contact with n; wall cells j=1,2,...,n; coming from the
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integration of equations (1) to (3), the heat transferred from the wall cell j to the fluid cell j,
equation (3) and right-hand side of equation (5). Finally, the wall temperature at the centre of the

wall cell j, which comes from the discretization of equation (5) is also included.

6.1 Constant Wall Temperature (CWT)

We will analytically carry out the integration of equations (1) and (3), which can be combined in

the following way,

n:

daT. i
—=Nk.(Tw. -T 6
&, ]Z,,( ;1) (6)

. PlU ji
with: &, = ——"
e,

In this case (CWT), we assume that, along a fluid cell, the wall temperature is uniform and
equal to the value at the central point of the wall cell. Thus, we can integrate the previous equation

along a fluid cell in the following way:

t
Tinu AX,-

dT.
= (dx,

m ik‘i(Tw‘_T;') 0
; j j

and we obtain the outgoing temperature of the fluid (at fluid cell /):

nzkji Iw,
T;out — J:IT (1 - exp(— )([Axi )) + Tim eXp(_ X[Axi ) (7)

where the value of y;is given by®: X = Zkﬁ
FEil

We also know the distribution of the fluid temperature field along the fluid cell, so we can

evaluate the expression of the heat transferred from the wall cell j to the fluid cell /.
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Ax;

jS = IU 'P“(TW_/ _Ti)dxi (8

JiTJi

where the dependence of T; on the coordinate x; is given by equation (7). Then, replacing 4x; by

the value of x;, and through the integration of (8), we finally obtain

-U,pPAx, O l—exp(—X‘Ax‘) ; Hl—exp(— ZX.AX) O 9)
= S .(/u —_ TP\ AT Tm ] 1 —_ — Ax T .
Qﬂ l—eXP(_/Yfoi)ETl E XiAx, I H XiAx, eXp( X I)% " B

The last step is to derive the wall temperature at the centre of the wall cell j, from equation (5).

Using the expression (9) for the integrals in equation (5), we obtain the value of Tw;:

1

;= A Ar. S U,
G I L S
Gt g ~exp(- x,Ax,)
E kX N U . l_eXP(‘X Ax ) ; —exp(—2)(Ax )
1 soingeamen e G imenbra) penlnan) oy,
@:w;:,é " l 2gl—exp(— )(SAxS)D‘ X.Ax, : X.Ox exp( X )

(10)

6.2 Linear Fluid Temperature Variation (LFTV)
In this case we consider a linear fluid temperature variation. The first step involves the

evaluation of the outgoing temperature of the fluid (fluid cell) i via the integration of equation (6).

t

Ti{m Ay, p
[7=]
in 0

T

kj (Tw; =T,)dx; = z ky (Tw; =T)Ax, (11)
e J=1

where a stands for an averaged value of the quantity a.

In our approach for LFTV, we can write

® Notice that XiAX; is the number of transfer units NTU; of the fluid cell / with the surrounding wall cells n;.
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in out
T+,
2

(Tw,—T,)=Tw, =T, = Tw, -
Then, the outgoing temperature of the fluid becomes

(1-0.50x,x, )T + Ax, Zk Tw,
(12)

Tout:
: (1+05Ax)()

The second step involves the evaluation of the heat transferred from the wall cell j to the fluid

cell j, following equation (8). Using the same approximation as in equation (11) we obtain

Tim + Tiout
0, =U,P, Erwj - #%xi (13)

Finally, using expression (13) for the integrals in equation (5), the wall temperature at the centre

of the wall cell j becomes

% Tout
k:W%N, a TW +ZUJS Js %X
(14)

0+ YU, P

T =

W

6.3 Runge Kutta based High Order Differential Scheme (HOD)

In this section we integrate equation (6) using a 4-step Runge-Kutta method. If we use the

following notation in eq. (6):

ar, &
—L= Zkﬂ (Tw, =T,) = f(T, Tw,Tw,, ..., Tw,))

dx.

l

We can evaluate T, solving the first order ODE through the following steps:
T, = [T, Tw,", Tw,",..., Tw,")

77 =T/" + 14 Ax; T, 7,7 = AT, Tw,, Tw,,..., Twy)
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7% =T/" + 1 Ax; T,? ;% = AT, Tw,, Tw,,..., Twyy)
T(4) Tm + 1 AX T 5(3) ;(4) _f(TM), TW]OW, TWgout,.. . Twniout)

T =T"+ 4 (1/6 T,V + 13 T,7 + 13 T,7 + 1/6 T,"Y)

Following this method, and after a long algebra, the following expression for T’ can be

obtained:
out — in : in,i - out i -
™ =AT" + B Ax, Z kﬁij +C.Ax, Z kﬁij +D.Ax, Z kﬁij (15)
7 7= 7=
where
_ 1 21 3, | 4
A, =1-NTU, +~NTU} ==NTU; +— NTU;,
2 6 24
B, = 1 lNTU +iNTU2 —iNTU3
6 6 12 24
Ci = l
6
D, = 2.1 NTU, + L NTU;
3 3 12
and

. o PU L Ax,
NTU, ZAxijZIkﬁ = ZW

J=1

in which, NTU; is the number of transfer units of fluid cell i, and Tw;™, and Tw’" represent the
temperature of the wall cell j at the inlet and outlet sections of fluid i. For example, in Fig. 4 part a;
for fluid flow 1: 7w,™" = (Tw; + Tw;")/2, and, Tw,"' = (Tw, + Tw/")/2

The second step involves the evaluation of the heat transferred from the wall cell j to the fluid

cell i. Using the total heat transferred to the fluid cell j, which is given by:
Q- _m C (Tout _Tin)
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and, since 4,- NTU,(B, - C,- D,)=1, we obtain

i\ Jj Jj

0, =, e, (7 ~T")= i, e, o0, Y k, (B, (w1 )+ (1w -1 )+ D, (w, - 1))
J=1

Thus, the contribution of wall jto the heat transferred to fluid cell iis*:
0, =, c bk, (B (Twri -1/ )+ ¢, (twr -1/ )+ D, (1w, -7")) (16)
Finally, from equation (5) we obtain:

1
Tw, = O

2
a, +mc, Z k D, Ax,
s=

J J

B_WZ a“Tw! —m, cpl.zzkjSAxS (8, (rwrs 1)+ ¢, (rwee ~1")-D,T" 5 (17)
k=W.EN.S 5= O
6.4 Basic differences among the three developed schemes

Before continuing, it is interesting to formally compare the three developed schemes in order to
assess the main differences among them. Let us compare the expressions obtained for the
calculation of the outgoing fluid temperature for the simplest case in which the fluid cell only

exchanges heat with one wall cell. In order to facilitate the comparison, let us also arrange them

into non-dimensional form by defining the non dimensional temperature &as:

where T, is a reference temperature. Then, equations (7), (12) and (15) can be respectively

transformed into the following expressions:

4 Notice that in the CWT and LFTV schemes, Qji can also be expressed exclusively in terms of Twjand T;, as we have

obtained in equation (16).
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HOIA[

CWT e (1-exp(- NTU))Z +exp(- NTU )
Hout NTU 1 NTZ]/

LFTV — = L
e" 1+NTU/ e" 1+NTU/
Hl)ut n ou

HOD | :NTUEBQW L IB+A
" " 9’”

providing the value of the relative fluid temperature variation 8 /0”’ as a function of the relative

wall temperature GW/G”’ and the NTU size of the cell.

The obtained formulas clearly indicate that the outlet temperature is a linear average between
the fluid temperature at the inlet section " and an averaged value of the wall temperature. This
averaged value is the value of the temperature at the cell centre for both CWT and LFTV schemes
8,, and a more complex numerical average for the HOD scheme, which weighs the influence of
the wall temperature variation on the heat transferred to the fluid.

For the case in which the wall temperature can be assumed constant along the cell, the non-

dimensional expression of the HOD scheme can be further condensed, finally leading to:

6011[ 8
‘HOD for the constant wall temperature case’ T = (1 - A) =+ 4

Since 4. =1-NTU, +%NTUI.2 —lNTU,_3 +2—14NTU1.4, the HOD average consists of the first terms

of the Taylor expansion series over NTU=0 of the exponential term exp(— NTU) corresponding to

the result of the CWT scheme, which for this particular situation (constant wall temperature)
provides the exact solution. Additionally, the average coefficients of the CWT scheme are always

positive, meaning that the solution will always be bounded, whereas the coefficient 4 in the HOD
scheme becomes negative at NTU=2.785, and the coefficient (1- NTU/2)/(1- NTU/2) in the

LFTV scheme becomes negative at NTU=2.
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Two obvious possible improvements of the schemes arise from the above presented analysis.
The LFTV scheme turns out to be not bounded for high NTU. Therefore, a hybrid scheme could be

defined so that the coefficient of 8" never becomes negative. On the other hand, the exponential

function of the CWT scheme could be substituted by a power-law approximation, in such a way
that computation time of that scheme does not suffer the penalty of the exponential function

calculation.

7 Solution of the system of equations

The global system of ODE and PDE posed by equations (1) to (4) has been transformed into a
system of pseudo-linear equations: one equation for every wall cell, in which the temperature of
the cell and those of the neighbouring points appear beside the fluid temperatures of the flows in
contact with the wall, and one equation for every fluid cell, in which the outlet temperature is
related to the inlet temperature and the temperatures of the wall cells surrounding it (e.g.,
equations (10) and (7) for the CWT scheme).

Considering the boundary conditions for both walls and fluids, the global system becomes
closed, and the solution to the problem involves the solution of the posed system of linear
equations. The solution could be found by any standard direct or iterative procedure. However,
before deciding on the most adequate solution strategy, one must bear in mind, first, that the
system of equations is really non-linear, since some of the coefficients are dependent on the
solution, i.e. temperature field, pressure, quality. Secondly, one must take into account that the
actual values of the coefficients are, for the same reason, unknown. Therefore, it does not seem
advantageous to find the exact solution to the described system of equations, then recalculate the
coefficients, and start again until convergence has been reached. The correct strategy seems to
combine the iterative calculation of the solution to the system of equations with the continuous
evaluation of the coefficients, in such a way, that both calculations progress together towards the
solution to the non-linear problem.

The envisaged solution commented above consists of three steps.
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One must make an initial estimate of the temperature of the walls. Of course, the closer the
estimate is to the solution the faster the convergence to the solution is. However, this aspect is
not critical, and for instance, an arithmetic average of the inlet fluid temperatures can be

employed with good results.

One must make the calculation of the fluid temperature evolution along the flow paths,
respectively, from equations (7), (12) or (15). This is an explicit procedure so that the
calculation proceeds quite fast. The pressure evolution can also be calculated through the
integration of the momentum equation in the same manner. In more complex cases, like
condensation or evaporation, similar explicit equations can be developed for the calculation of
the main flow variables (see [8] for details). The fluid properties, the heat transfer coefficient
and the friction factor at every cell are calculated for averaged values of the fluid and flow
parameters. For the first iteration, these calculations are performed at the cell inlet conditions,
which are always known from the calculation of the previous cell. For subsequent iterations,
the properties and coefficients are always estimated at the new calculated inlet variables plus
the value of the correction obtained in the previous iteration for the variation of the variable, for

instance, for the temperature

T (it =1)=T" (it =1)
2

T(it)=T"(it) +

i.e. the variation of the significant variables is calculated at every cell and stored to be used in
the next iteration to evaluate the new averaged value at the cell. This numerical strategy has

proved to be very adequate, providing good accuracy and fast computation.

Once all the temperatures of the fluids are known at every point, one must solve the system of
equations (5) to obtain the wall temperatures (equations (10), (14) and (17) for the analysed
schemes). In the case that the longitudinal conduction is significant, the equations involve 5
temperatures and any standard solver can be used. Again, there is no advantage in obtaining
the final solution of the system, but it is preferable to performing only a single iteration of the

employed method to obtain a recalculated value of the wall temperature at every point. Notice,
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that equation (5) contains the usual discretization term coming from the Laplacian operator,
which involves the conduction along the wall. Yet this term is not the leading one in the
equation, but rather a complementary small correction, in fact, negligible in most of the cases.
The leading term in equation (5) is the average of the temperatures of both surrounding fluids
(right-hand side of eq. (5)), coming from the balance of the heat exchanged between the fluids.
In fact, this is the part of the equation, which will always be active. In general, it provides the
condition to evaluate the cell wall temperature in the way shown. In the absence of longitudinal
conduction, this equation becomes explicit. In the presence of longitudinal conduction, this
factor highly strengths the diagonal dominant character of the system, thus making the
iterative solution easier. Any standard method could be applied to the general case; however,
given the iterative character of the global solution procedure, the simple Gauss — Seidel
procedure leads to excellent results. The only exception, from the authors’ point of view, is that
it is better to start the global iterative procedure without including the longitudinal conduction
term in equations (10), (14) and (17), thus supposing its effect negligible. Then, after some
iterations (typically 10), to switch on the calculation of the longitudinal conduction term effect.
The global convergence is then reached in a few further iterations. This strategy allows for a

smooth and correct evaluation of the longitudinal conduction effect.

Steps 2 to 3 are repeated until convergence is reached.

Notice that the described solution method only requires the sequential evaluation of, first the

temperature of the fluids and second, of the temperature of the walls, but the numerical schemes

employed for both calculation steps are explicit. Thus, computing time per iteration is short. This

explicitness and the inspiration from Prof. Patankar's book [11] has led to naming the proposed

method as Semi-Explicit method for Wall Temperature Linked Equations, SEWTLE.

Fluid properties, and factors and coefficients, can be easily calculated every iteration as

described in step 2, or updated only when a significant change of the variables occurs at the cell,

leading to a faster computation.
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8 Comparison of results and discussion

The described schemes where programmed and debugged through an extensive comparison
of results for the basic different flow arrangements and a number of capacity ratios for which the
exact analytical solution is known. Also a comparison of results on the influence of the longitudinal
conduction when it is not negligible was performed for the three basic flow arrangements with the
results published in [2]. The obtained results were coincident in all the analysed cases, with the
logic dependence on the employed number of cells. In general, the error in the estimation of the
efficiency of the heat exchanger is very low. A computational grid with only 5 cells (or 5x5 in cross
flow) provides an error lower than 0.5%. This error is easily reduced when the number of cells is
increased.

A systematic study was then carried out in order to assess the performance of the developed
schemes. The diagrams comparing the computing time and the calculation error (referred to the
exact analytical solution) for the three methods were investigated for the three basic flow
arrangements, for two levels of HE NTU (0.5 and 1.5) and two different capacity ratios Cr=
Cmin/Cmax (0.25 and 1). The entire study was performed for two different numbers of mesh cells, 5
and 20.

Figure 6 shows a sample of the results obtained with each of the methods studied, for a
crossflow HE with NTU=1.5 and Cr= 0.25, calculated with 20X20 cells. The left part shows the
evolution of the error in comparison with the number of performed iterations, whereas the right part
illustrates the variation of the error in regard to calculation time.

Figures 7, 8 and 9 show, for all the studied cases, the final error of each method (after the
convergence was reached) and the approximate time that each method would require to reach a
0.5 % error®. The results of the calculation with 5 cells are shown in the left column of the figure.

The column at the right corresponds to the results obtained with 20 cells.

®In a few cases, some of the schemes were unable to reach an error lower than 0.5 %. In those cases, in order to

complete the shown graphs, the plotted time has been defined higher than that corresponding to the other methods.
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The interpretation of the obtained results requires a previous comment regarding the
capabilities of each scheme to reach the exact solution of the analysed cases. Notice that for the
co-current case with balanced flows, the solution of the wall temperature is the averaged value
between the inlet fluid temperatures, and constant all along the HE. This makes the solution by the
CWT scheme quite favourable. On the other hand, in the countercurrent case the solution of the
fluid temperatures and of the wall temperature, for balanced flows, becomes linear, rendering the
LFTV scheme very favourable in this case. In general, the solution would not belong to either of
the theoretical cases so that both methods will become approximate. The comparison of results for
the cross flow situation (Figure 9) is overall more meaningful.

In general, from the analysis of the results, it can be concluded that the HOD method
consistently leads to the smallest error. However, the comparison between the error obtained with
5 and 20 cells for all the schemes allows for a rough estimation of the order of accuracy, which
turns out to be approximately 2 for all of them. Surprisingly, the HOD scheme does not lead to an
order of accuracy higher than the other two schemes, but only to a smaller absolute error. This is
due to the fact that the main advantage of the HOD scheme, as produced, is a lower discretization
error in the wall temperature distribution, thanks to the use of linear interpolation of the wall
temperature between neighbouring points for the integration of the heat transferred from a wall cell
to a fluid cell. In contrast, it is important to point out that the error attained by the other two
schemes is higher, but small enough to qualify them as efficient for both analysis and design.

From the computing time point of view, the first comment that should be argued is that, from the
observation of equations (7) to (10), (12) to (14) and (15) to (17), it becomes evident that the
fastest scheme is the LFTV one. It involves the lowest number of operations and they are simple.
The CWT also requires a reduced number of operations, but it requires the evaluation of the
exponential function which is comparatively much more time consuming. The number of
operations required for the HOD per iteration is not much higher. However, if the evaluation of
properties and the heat transfer coefficient is required at every iteration, then one must take into
account that the evaluation of A, B, C and D coefficients requires a considerable computing time.

That evaluation was only performed once for the study presented in Figures 6 to 9.
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On the other hand, when the schemes are applied to the solution of a given HE problem, the
calculation time of interest will be the time they require to provide a reasonably accurate solution,
i.e. with error lower than a certain bound limit (for instance 0.5 %). That time will not only depend,
of course, on the number of operations of the scheme per iteration, but also on the number of
iterations required to approach the solution. This will depend on, first, how close the theoretical
approach of the scheme is to the solution, and second, on the discretization order of the scheme.

It is very difficult to comparatively assess the calculation time performance of the three
schemes for the solution of real HE problems. However, it is most important to assess if the higher
accuracy of the HOD allows for a decrease in the number of iterations required to obtain a good
accuracy (for example, 0.5 % error) which could compensate its higher computing cost. From the
inspection of Figures 7 to 9, it can be observed that only in a few cases the time required by the
HOD becomes the shortest and that, in those cases, the difference is not very large. The situation
depicted in Figure 6 becomes quite representative of the situation. As it can be observed in that
figure, the number of iterations required to reach the solution is very similar for all three schemes.
The final error obtained is smaller with the HOD scheme, but it is also reasonably low with the
other two methods. And, concerning the calculation time, it becomes apparent in Figure 6 (right)
that the fastest scheme is the LFTV.

Throughout the entire study, the LFTV scheme offers, overall, the fastest calculation. Taking
into account, additionally, that the performed comparison was favourable to the HOD scheme
since its coefficients were not updated, and that the maximum error of the LFTV scheme is small,
the conclusion is drawn that it is probably the most efficient scheme from the computational point
of view. Only in those cases in which a constant wall temperature distribution is expected to occur,
in which case the CWT scheme would provide better results, the LFTV seems to be the most
adequate scheme for the analysis and design of HE.

Furthermore, it should be said that the authors have extended the SEWTLE method presented
in this paper, with the LFTV or CWT schemes, to more complex heat exchangers ([8] and [9]), and
that their performance has always been excellent, only requiring between 10 to 15 iterations to

reach the solution.
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9 Conclusions

An in-depth analysis has been carried out on the discretization of a Heat Exchanger, the
discretization of the governing equations, and the solution strategy for the resulting system of

equations.

Three different schemes have been presented and fully compared.

The LFTV Scheme (Linear Fluid Temperature Variation) is proposed as the most adequate for

HE analysis and design.

Finally, an iterative global method to perform the analysis of HE is proposed, called SEWTLE
(Semi-Explicit Method for Wall Temperature Linked Equations). This method provides flexibility
to any flow arrangement or geometry, consideration of multiple streams, local evaluation of
properties, friction factor and heat transfer coefficient, but it also is easily extendable to more
complex heat transfer processes, and is characterised by good accuracy, high robustness and

fast computation time.
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FIGURE CAPTIONS:

Figure 1.

Figure 2.

Figure 3.

Figure 4.

Figure 5.

Figure 6.

Figure 7.

Figure 8.

Figure 9.

Fluid path and surrounding wall cells

Sample of different fluid and wall situations: 1) Two fluids, a) Crossflow, b)
Parallel flow (co-current or countercurrent); 2) 3 different fluids A, B and C,

geometrical cases c¢) and d).

Wall discretization for parallel countercurrent flow: a) Centred, b)

Staggered.

Wall discretization for crossflow: a) Centred, b) Staggered with

overlapping, c) Staggered without overlapping.

Temperature distribution for the different analysed schemes a) CWT, b)

LFTV, ¢) HOD for the countercurrent flow case.

Error evolution for a cross flow heat exchanger with Cg = 0.25 and NTU =

1.5. Results obtained with 20 x 20 mesh cells.

Final error and Time required to reach an error lower than 0.5 %, for a co-
current heat exchanger with: C;g = 0.25 and 1; NTU = 0.5 and 1.5; and for 5

x 1 (left) and 20 x 1 (right) calculation meshes.

Final error and Time required to reach an error lower than 0.5 %, for a
counter-current heat exchanger with: Cr = 0.25 and 1; NTU = 0.5 and 1.5;

and for 5 x 1 (left) and 20 x 1 (right) calculation meshes.

Final error and Time required to reach an error lower than 0.5 %, for a
cross-flow heat exchanger with: Cgr = 0.25 and 1; NTU = 0.5 and 1.5; and

for 5 x 5 (left) and 20 x 20 (right) calculation meshes.
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Figure 1. Fluid path and surrounding wall cells
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¢)

Figure 2. Sample of different fluid and wall situations: 1) Two fluids, a) Crossflow, b)
Parallel flow (co-current or countercurrent); 2) 3 different fluids A, B and C,

geometrical cases c¢) and d).
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Error evolution for a cross flow heat exchanger with Cg = 0.25 and NTU =

1.5. Results obtained with 20 x 20 mesh cells.
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x 1 (left) and 20 x 1 (right) calculation meshes.
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Figure 9.

flow heat exchanger with: Cr = 0.25 and 1; NTU = 0.5 and 1.5; and for 5 x 5

(left) and 20 x 20 (right) calculation meshes.

Final error and Time required to reach an error lower than 0.5 %, for a cross-
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